Abstract: This paper focuses on non linear control and state estimation of non isothermal exothermic Continuous Stirred Tank Reactors (CSTRs). More precisely, the asymptotic stabilization of such CSTRs about any operating point (including unstable open loop stationary point) is treated using the jacket temperature as the only control input. Since state variables are used in the feedback law, a state observer is also proposed. The convergence properties of the controller coupled with the observer are shown using passivity based tools in the Hamiltonian framework. Some numerical simulations with a first order chemical reaction are given to validate our theoretical results.
INTRODUCTION
Continuous Stirred Tank Reactors (CSTRs) belong to a typical class of nonlinear dynamical systems described by Ordinary Differential Equations ODEs (Luyben (1990) ). They can present a complex behavior, for instance, they can be operated under multiplicity because of highly nonlinear constitutive relations (reaction kinetics...) (Viel et al. (1997) ; Favache and Dochain (2010) ). As a consequence, such CSTRs have been investigated with respect to control design for stabilization (Luyben (1990) ; Hoang et al. (2011 Hoang et al. ( , 2012 ; Favache et al. (2011) ; Alvarez et al. (2011) ) and state observer synthesis in a large number of studies (Gibon-Fargeot et al. (1994) ; Soroush (1997) ; Alvarez-Ramírez (1995) ; Dochain et al. (2009) ).
The underlying motivation for controlling the CSTRs is that industrial chemical reactors may have to be operated at unstable operating conditions which correspond to some optimal process performances (Bruns and Bailey (1975) ). Numerous strategies have been developed to control such non linear systems. Let us cite for example: input/output feedback linearization (Viel et al. (1997) ) for control under constraints, nonlinear PI control (AlvarezRamírez and Morales (2000) ), classical Lyapunov based control (Antonelli and Astolfi (2003) ) and more recently thermodynamical Lyapunov based control (Hoang et al. (2012) ), (pseudo) Hamiltonian framework (Hangos et al. (2001) ; Ramírez et al. (2009) ; Dörfler et al. (2009) ; Hoang et al. (2011) ; Alvarez et al. (2011) ), power-shaping control (Favache and Dochain (2010) ) and inventory control (Du et al. (2010) ).
Obervation/estimation strategies have been developed for industrial applications since it is often the case that online measurements of reactant concentrations are difficult and/or very expensive to obtain. Usually, the reactor temperature is the only on-line available measurement. The missing state variables are then estimated (GibonFargeot et al. (1994) ; Soroush (1997) ; Alvarez-Ramírez (1995) ; Dochain et al. (1992 Dochain et al. ( , 2009 ) and used in the control strategy. Results given in (Alvarez-Ramírez (1995) ; Dochain et al. (1992 Dochain et al. ( , 2009 ) are related to systems in which unfortunately, no feedback is imposed.
In this paper we focus on control and state reconstruction problems. More precisely, we first propose a passivity based approach for operating CSTR networks around an open loop unstable steady state. This approach is based on passive Hamiltonian concepts defined in (Brogliato et al. (2007) ; van der Schaft (2000); Maschke et al. (2000) ). The shaped Hamiltonian storage function is chosen such that the resulting state feedback leads to physically admissible control variable solicitations. Second, for practical implementation of the controlled input variable, an asymptotic observer based on thermodynamics invariants of chemical systems (Dochain et al. (1992 (Dochain et al. ( , 2009 ) is proposed in which the reactor temperature is supposed to be the only online measurement available. The convergence of the system coupled with the observer is proven using passive properties again. This paper is organized as follows: in section 2, the passivity based approach is briefly introduced and the way to obtain the state feedback law is mentioned. In section 3 the dynamical model of the CSTR networks is presented and analyzed. This section is devoted to the design of the state feedback insuring asymptotic stability. Moreover it is shown that the resulting control is admissible. A state observer is then proposed to reconstruct the concentrations from the only temperature measurement for practical implementation in this section. Finally, some simulation results and conclusions are given in section 4 and section 5 respectively.
PASSIVITY BASED APPROACH (PBA)
Let us consider open chemical systems that are affine in the control input u and whose dynamics is given by the following set of ODE's:
where
represents the smooth nonlinear function with respect to x, g(x) ∈ R n×m is the input-state map and u ∈ R m is the control input.
The purpose of the PBA is to find a static state-feedback control u = β(x) such that the closed loop dynamics is a Port Controlled Hamiltonian system (PCH system) (Maschke et al. (2000) ; Ortega et al. (2002) ) with dissipation:
where the controlled Hamiltonian storage function H d (x) has a strict local minimum at the desired equilibrium x ; and
T ≥ 0 are some desired interconnection and damping matrices respectively. The system (2) is passive in the sense that the time derivative
is always negative and the Hamiltonian H d (x) is bounded from below (van der Schaft (2000); Brogliato et al. (2007) ). Consequently, it then plays role of Lyapunov function for stabilization purpose at the desired equilibrium x . The matching equation (EDP) (4) that follows immediately from (1) and (2) has to be solved to find u = β(x):
Let consider there exists a full rank left annihilator of
then the control variable is deduced from the state feedback β(x) given by (Ortega et al. (2002) ):
CASE STUDY: A NON ISOTHERMAL CSTR MODEL
Let us consider a CSTR with one reaction involving 2 chemical species A and B: ν A A → ν B B (7) By convention for the dynamic representation, ν A and ν B are the suitable signed stoichiometric coefficients: ν A < 0 and ν B > 0 (see also Hoang et al. (2011) ). The reactor is fed by species A and B and Inert at inlet temperature T I . The temperature of the jacket T J is supposed to be uniform and is used as the only control input.
The following assumptions are made:
(A1) The fluid is supposed to be ideal, incompressible and isobaric. (A2) The heat flow exchanged with the jacket is represented byQ
Consequently, the only control input is eitherQ J or T J . (A3) The specific heat capacities c pA and c pB are assumed to be constant. (A4) The molar number of species A and B in the reactor and in the inlet molar flow are very low compared to the molar number of the Inert. Hence the reaction volume V is written as follows:
and it is supposed to be constant (v Inert stands for the molar volume of species Inert). As a consequence of the constraint on the volume, the inlet and outlet volume flow rates are equal. (A5) The reaction rate is described by the mass action law:
(10) where k(T ) is the kinetics of the liquid phase reaction.
We also use an additional assumption as in (Viel et al. (1997) ; Alvarez-Ramírez and Morales (2000) ; Antonelli and Astolfi (2003) ) or recently (Favache and Dochain (2010) A sufficient condition that verifies this hypothesis (A6) is reaction kinetics k(T ) modelled by the Arrhenius law:
where E a and R are the activation energy and the ideal gas constant respectively and k 0 is kinetic constant.
Some notations are introduced in Tables 1 and 2 .
CSTR modelling
As mentioned before, the system dynamics is given by material and internal energy balances. Under the Assumption (A1), the internal energy balance is written using 2 All time derivatives vanish at this state or the time becomes very large, e.g., goes to infinity.
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Remark 1. Since we suppose ideality of the mixture, on one side the enthalpy of species A in the mixture can be expressed as: 
Finally the constraint on the volume (see the Assumption (A4)), (9) leads to:
Thanks to the local equilibrium hypothesis, the energy balance can be written in terms of temperature. This is done by using the expression for the enthalpy H as given in (13), we obtain (see Hoang et al. (2012) ):
where (12), (15)) to represent completely the behavior of the system.
Controller synthesis
In what follows, we use (N A , N B , T ) to represent the dynamics of the system. We have from ( (15), (12)):
Writing (16) into form (1) with u =Q J , we obtain:
The proposition 1 proposes a nonlinear state feedback for the jacket temperature to stabilize the reactor at a desired operating point. Proposition 1. Under the Assumption (A2), the system (17) is stabilized at a desired state
with the following equivalent feedback on the jacket temperature T J :
where K T > 0 is a tuning parameter. Furthermore, the closed loop dynamics is a passive Hamiltonian system:
where:
and H d (x) is chosen under the following form:
Proof. We apply the passivity based tools (see Section 2), the full rank left annihilator of g(x) (17) denoted
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(23) Due to the negative definiteness of the matrix Q d (x), we choose q 11 (x) = q 12 (x) = q 21 (x) = q 22 (x) = 0, −q 13 (x) = q 31 (x), −q 23 (x) = q 32 (x) and q 33 (x) = −K T < 0. We obtain for solutions:
and q 23 (x) is well defined at the limit
∂T → 0 (see Remark 3). Finally, the feedback law is derived from (6):
Using the Assumption (A2) with u =Q J , it leads to the feedback law (18). Let us notice that a possible choice for H d (x) for which the feedback law (18) well-defined is given in (22). The function H d (x) is positive and its time derivative,
The latter ends the proof. 2 Remark 3. The closed loop dynamics for the temperature T with the feedback law (18) can be written as follows:
First let us note that from
and lim
Lyapunov function for the stabilization of the temperature T inside the reactor. As a consequence, we have to obtain lim
dT dt = 0 and thus we deduce from (25):
, the feedback law (18) is then similar to the one proposed by Viel (Viel et al. (1997) ) in the case without constraint on the control input (see the equation (3) in (Viel et al. (1997) ) for feedback law and adapt it to the system under consideration). The stabilization obtained by these strategies is dominated by the regulation of the thermal part inside the reactor in accordance with the Assumption (A6). In other cases (K A × K B = 0), due to presence of the additional material contributions (see (18) and (22)), the feedback law may present a different shape in terms of the amplitude and variation rate. Remark 5. Let us consider the CSTR networks with n species S j (j = 1 . . . n) and r chemical reactions taking place in the reactor. We then have:
where ν ij is the signed stoichiometric coefficient of species j as it enters in reaction i (Hoang et al. (2011) ). For such a system and under the isobaric conditions (A1), the mathematical modeling of dynamics (17) can be generally rewritten (Hoang et al. (2012) ; Favache and Dochain (2010) ):
where r vj V and ∆ rj H represent the reaction rate and the enthalpy of the chemical reaction j (j = 1 . . . r). By using the same procedure as in the previous simple case, let us note
The following matching equation which generalizes (23) can be derived from (5) :
The number of equations equals n with n×(n+1) unknown variables q ij (x). Hence this system has an infinite number of solutions and a simple solution can be found as follows:
• q ij (x) = q ji (x) = 0 for i, j = 1 . . . n 8th IFAC Symposium on Advanced Control of Chemical Processes Furama Riverfront, Singapore, July 10-13, 2012
• and let we choose q (n+1)(n+1) (x) = −K T
From this, we obtain for the matrix
, where:
and
The feedback law for u (27) can be found using (6) with (29) and H d (x) is chosen to be proportional to:
where K i ≥ 0. Finally, let us notice that the proposed passive controller stabilizes the reactor as soon as the Assumption (A6) holds 3 (see also Antonelli and Astolfi (2003) ).
A state observer
We now consider that only T is measured. As a consequence we have to build an observer to reconstruct the mixture composition. The main feature of the proposed estimator is that it is independent of the knowledge of the system kinetics and is called asymptotic observers. These asymptotic observers are first proposed in (Dochain et al. (1992 (Dochain et al. ( , 2009 ) for a nonlinear class of CSTR networks without considering feedback law. In what follows, we shall show that with or without feedback law, the convergence of estimated state variables to their exact values is exponential.
Let us consider the original system (12):
3 In general, (A6) verifies for a large range of non linear reaction systems in which the (high-order) mass action laws take place,
where Arrhenius based reaction kinetics k j (T ) is considered.
Doing a variable transformation
32) and using the second and third equations in (31), we obtain:
It is clear that the dynamics of new variable N does not depend on the reaction kinetics. The same situation holds for the dynamics of the enthalpy H (see the first equation in (31)). As a consequence, we then derive an asymptotic observer Σ (33) for the system Σ (31):
are estimated values of the enthalpy H and the new variable N , respectively. We assume here that the reactor temperature T is the only available on-line measurement.
Remark 6. The Inert doesn't participate to the reaction (7) but its presence in the reactor should be considered (see (13) for total enthalpy for example). The following equation presents the dynamics of the estimateN Inert of 
The dynamics of is then presented in a port Hamiltonian format (2), T ≥ 0. The last one plays a role of a Lyapunov function for the stability of the zero dynamics of because:
Furthermore, it can be rewritten as follows:
Because of d > 0, H (t) exponentially converges to 0 with the time constant τ = the finite time (t > 3τ ) and at that time we obtain (with Remark 6):
−∆ r H > 0 (for exothermic reaction under consideration), the matrix is full rank. As a consequence,
It is important to notice that the convergence does not depend on the feedback strategy. The latter ends the proof. 2
SIMULATION
In this section, the exothermic reaction under consideration (7) is treated for simulation with ν A = −1 and ν B = 1 (e.g. the first order reaction, this type of reaction is often appeared in the literature (Viel et al. (1997) ; Favache and Dochain (2010) ). The reaction rate is then rewritten as follows (see Assumption (A5)): Table ( 2), we give numerical values used for simulation. h e a t t r a n s f e r c o e ffi c i e n t 
Open loop simulation
First of all let us consider open loop simulation with input defined by (36) 0.18 (mol) ,
Details on analysis of the steady states can be found in (Hoang et al. (2012) ). Its shows that the system has three stationary operating points. Simulations are given in Fig.  1 with the initial conditions (C1) and (C2). In the next section, we propose to operate the system around the unstable middle point P 2 using the feedback law for the jacket temperature T J (18).
Closed loop simulation
In a first instance we consider the state variables are measured, e.g. the system is closed using the proposed state feedback law without observer. We take K T = 0.001, K A = 0 and K B = 0 for the shaped function H d (x) (22).
In Figure 2 the closed loop phase plane is represented. We can see that for all the considered initial conditions the system converges to the desired operating point P 2 . Furthermore Figure 2 also shows that the control variable solicitations T J (18) are physically admissible in terms of amplitude and dynamics. In open loop, the convergence of the system coupled with asymptotic observer is illustrated in Fig. 4 . With the initial condition (C2), the system normally converges to the stable point P 1 . In fact, the convergence of the controlled system coupled with asymptotic observer is more interesting. For the initial conditions (C2) and (Ĉ1), the simulations are given in Figure 6 . For the initial conditions (C2) and (Ĉ2), the simulations are illustrated in Fig. 7 . The simulations (Figures 6(a) and 7(a)) show that the stabilization at the unstable point P 2 of the controlled system via the state observer is insured. Furthermore, T w is still admissible (see Fig. 6 (b) and Fig.  7(b) ).
CONCLUSION
In this work, we have shown by means of passivity based method:
(1) how to stabilize the CSTR networks about a desired operating point. The obtained feedback law covers the one proposed by (Viel et al. (1997) ) in the case without constraint on the control input for a simple first order chemical reaction. (2) Afterwards for practical implementation of the controlled system, we have coupled the controller with a state observer. The closed loop convergence of the system with/without the observer is theoretically guaranteed. The simulation results showed that convergence objective is satisfied and that the state feedback law is physically implementable since jacket temperature T J remains in some physical domain with admissible rate of variation. It remains now:
• to evaluate performances and robustness of the obtained results in terms of perturbations and parameters uncertainty.
• to introduce the dynamical modeling of the jacket into the problem.
• to extend the proposed method to inventory control (Farschman et al. (1998) ).
